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Abstract—This paper develops a stochastic model predictive
control (SMPC) based framework for the real-time operation
of residential-scale DC-coupled PV-storage systems. The proposed framework combines bivariate Markov chains to build
the uncertainty model of PV generation and residential load,
a Bayesian approach based recursive learning of the Markov
model, and a scenario-based formulation for the SMPC problem.
This approach operates in real-time, thus minimizing the impact
of the mismatch between the forecasted data and the actual
observation on the system performance by updating the control
decisions with the realization of the stochastic parameters at
each time step. Load and PV generation are jointly modeled,
and the interdependence between them is accounted for through
bivariate Markov chains. The use of recursive online learning
guarantees that the uncertainty model is continuously updated
to enhance its prediction capabilities for scenario generation.
The numerical simulations using real-world data demonstrate
the enhanced performance of the proposed approach over the
conventional approaches, on a par with model predictive control
with complete knowledge of the uncertainties.
Index Terms—DC-coupled photovoltaic plus storage system,
home energy management system, multivariate Markov chain,
online learning, recursive learning, stochastic model predictive
control.

DC-PVSS M ODEL N OMENCLATURE
A. Indices, Sets, and Abbreviations
t
Ωt
ω
N ω,t
PV, G, B, H

Time slot.
Scenario set.
Scenario index, where ω ∈ Ωt .
Total look-ahead time slots in scheduling
horizon.
Photovoltaic system, grid, battery, and
house.

B. Parameters
π ω,t
ω,t
PPV
PLω,t
ptr
ps
ηC1
ηC2

Probability of scenario ω for scenario set
generated at time t.
Generated solar power (kW).
Total residential load (kW).
Retail time-of-use electricity rate ($/kWh).
Flat PV sell back rate ($/kWh).
Efficiency of DC/DC converter.
Efficiency of bidirectional DC/AC inverter.
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ηCC
ηc /ηd
Eb
P C2
P c /P c
P d /P d
SOC/SOC
γd

Efficiency of battery charge controller.
Charging/Discharging efficiency of battery.
Max. battery energy capacity (kWh).
Max. bidirectional DC/AC inverter rating
(kW).
Min./Max. battery charging power (kW).
Min./Max. battery discharging power (kW).
Min./Max. battery state of charge (SOC).
Coefficient of battery degradation.

C. Decision Variables
ω,t
PG2H
ω,t
PG2B
ω,t
PPV2H
ω,t
PPV2B
ω,t
PPV2G
ω,t
PB2H
PCω,t
PGω,t
SOC ω,t
ρω,t /φω,t

β ω,t

Power transfer from grid to home (kW).
Power transfer from grid to battery (kW).
Power transfer from PV to home (kW).
Power transfer from PV to battery (kW).
PV power sold to the grid (kW).
Power transfer from battery to home (kW).
Curtailed PV power (kW).
Total grid power import (kW).
Battery SOC.
Binary variables to ensure unidirectional operations of DC/AC inverters.
Binary variable to ensure unidirectional
power exchange with the grid.
I. I NTRODUCTION

With solar energy being one of the most promising renewable energy resources, increased deployment of PV systems
has been observed over the years, especially at the residential
level. According to the study performed by the Solar Energy
Industries Association, the PV capacity of the U.S. is expected
to grow at an annual rate of 10%–15% during 2018–2022
[1]. However, a prime limiting factor for PV deployment
is its curtailment rate. By definition, the curtailment rate in
power systems is the reduction in the generator power output
from its capability, caused by factors beyond the generator’s
control [2]. With context to distribution grids, PV curtailment
is initiated to maintain grid security during times of low system
loads with excess generation. It is done for mitigating overvoltages and for preventing excess back feed of power into the
network. The increased contribution of distributed PV causes
overloading of the grid in regions of high penetration due to
reverse power flow, which, until now, has been addressed by
using PV curtailment. Curtailment makes PV less competitive
against alternative energy resources by increasing the net
levelized cost of electricity of solar energy [3]. Curtailment
reduces the portion of the load that can be met by renewable
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energy. When the reason behind PV curtailment is overgeneration in the network, then the curtailed PV cannot be
brought back into the system at a later time unless the PV
system is coupled with a storage unit [4]. The simple way
to address curtailment is to increase the load and consume
the excess generation set to be curtailed or deploy an energy
storage device to store the excess generation for later use.
Solar energy and residential load possess an inherent uncertainty due to their volatile nature. Hence, equipping PV
systems with energy storage can achieve the following: a
smoother and reliable power supply during normal and emergency times, hedging against solar and load uncertainty, and
provision for self-consumption of the PV generation. However, coupling PV with storage does not give it a complete
immunity against uncertainty. Using advanced optimizationbased algorithms that incorporate the forecasts for scheduling
and operating the system can lend a helping hand in mitigating the downsides of the uncertainty. The performance of
such an approach is at its best when the forecasts for the
uncertain variables are accurate. [5] estimates that the dayahead forecasting error for residential load and PV generation is approximately 20%, even when real-life data is used
for developing the forecasting model. [6] has reviewed the
current state-of-the-art load forecasting methods based on the
conventional auto-regressive methods and the modern artificial
neural networks. For day-ahead residential load forecasting,
these methods show a median value for the mean absolute
percentage error (MAPE) in the range of 45.2±14.2%. A
similar study performed in [7] for reviewing state-of-theart methods for PV forecasting states the average MAPE is
21.76%. For this degree of error, the solution obtained using
the day-ahead forecast will not hold.
Rule-based algorithms have been extensively used for the
operation of PV systems and have now been extended to PVstorage systems [8]–[10]. Such algorithms use the information
known at a given time instant to make rule-based decisions
for the system operation, thus eliminating the need to depend
on forecasts. Along with being computationally efficient, they
are easy and inexpensive to implement. The drawback of such
algorithms is that the solution’s optimality cannot be guaranteed, and periodic updates to the rules are necessary to avoid
performance degradation. Since energy storage devices need to
be operated as hedgers of uncertainty, the rule-based approach
would ignore the single most crucial element that supports the
hedging process, i.e., the predictions for the future. To reduce
the impact of forecasting errors, a computationally intensive
hierarchical algorithm is proposed in [11], wherein the dayahead schedule is continuously updated at an inter-hour level
and subsequently at a real-time level. Such algorithms provide
highly promising solutions at the cost of being computationally
intensive.
Deterministic as well as stochastic optimization-based methods using dynamic programming (DP) [12], [13], and model
predictive control (MPC) [14]–[18] have been extensively
applied for the operation of energy management systems. DP
is a promising multistage approach for such energy management problems. In [12], the authors have designed a PVstorage system with a flexible charging scheme and control

its daily operation using DP. In [13], the daily operation of
a battery-based storage system with wind power generation
using forward DP has been studied. Both these works focus
on the deterministic operation by assuming the exact values
of future renewable energy generation and demand known
beforehand. A stochastic dual DP based algorithm is developed
to minimize the electricity purchasing cost of residential
buildings with PV-storage systems and electric vehicles under
load and PV generation uncertainty [19]. However, the curse
of dimensionality in DP plays a prime role in limiting its
applications.
Instead of optimizing over the entire horizon as seen in DP
and its variants, MPC based strategies continuously optimize
the decisions online over a short and receding future time horizon and impose pointwise-in-time state and control constraints
[20]. In [17], the authors have used a deterministic approach
for the residence’s thermal and electrical energy management.
An MPC based solution methodology with a problem formulation in the form of a mixed-integer quadratic program is
proposed to optimize thermal comfort and energy efficiency.
[21] has introduced a multistage energy management system, wherein the real-time operation is managed using MPC.
Herein, the forecast for the predictive horizon is obtained using
artificial neural networks, and the uncertainty in the predictive
horizon is not accounted for. The above approaches are not
safeguarded from the uncertainty, and the forecast errors will
render their results subpar in the face of uncertainty. Due to
these limitations, the use of stochastic and robust optimization
techniques is on the rise. Since our application focuses on
real-time operation, a robust optimization-based approach is
not suitable since the system needs to perform optimally given
various possible realizations for the uncertainty and not against
the worst-case realization. Such formulations are most suitable
from a planning and investment perspective.
In [22], the authors have modeled the energy management
problem of a nanogrid as a Markov decision process comprising of stochastic demand and PV generation. The authors
use a stochastic DP approach to design a near-optimal policy
for the daily operation of the nanogrid. Various algorithms
for stochastic MPC (SMPC) have been proposed in [23]–[28]
that find numerous applications such as autonomous aerial
vehicles, electric vehicles, and energy storage management.
SMPC benefits from the availability of established stochastic
models, stochastic optimization techniques, and stochastic
estimation techniques. Being a short horizon optimization
problem, the SMPC has a low computation complexity and
can easily incorporate the updated values of the uncertainty
forecasts. In [16], the authors design an MPC based residential
appliance scheduler. Their model factors in the uncertainty in
electricity price by adding a Gaussian distributed white noise
to the forecasted price. [14], [15] control an AC-coupled PV
storage system using SMPC, wherein the uncertainty in PV
generation is modeled similar to [16].
Recently, model-free reinforcement learning-based (RL)
techniques have been proposed for energy management systems. References [29]–[33] apply different RL techniques
for energy management for systems ranging from microgrids
to individual residential homes. RL algorithms have shown
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promising results, especially in a model-free setting for applications where an accurate system model is difficult to obtain.
However, the use of RL for small residential systems cannot
be adequately justified due to the accurate knowledge of the
system model and the necessity of a complex computational
framework for locally training and updating the RL model
parameters. With an accurate model known and the system
model being linear with convex objective, the RL approach
does not provide significant enhancements over model-based
stochastic MPC approaches [34], [35].
Comprehensive research has been done on the optimal
control of residential PV-storage systems. However, a computationally efficient stochastic real-time optimal control of DCcoupled PV-storage systems (DC-PVSS) with joint modeling
of various uncertain variables and their online learning has not
been addressed, which forms the motivation of our research.
Addressing together the above limitations would result in a
framework for a model-based formulation with a continuous
data-driven uncertainty learning that is designed for real-time
operation of PV-storage systems with minimal human intervention and is generic, i.e., it can be extended to any system
with DC-coupled configuration irrespective of its application,
location, and size. Considering the limitations of the existing
literature, the main contributions of our paper are as follows:
•

•

•

A realistic stochastic optimization model for a residentialscale DC-PVSS incorporating component efficiencies and
the uncertainty in residential load and PV generation.
A variable-horizon scenario tree-based SMPC approach
for the system control, wherein the optimal closed-loop
control policy is computed based on the scenarios determined by the predictions of the stochastic disturbance
sequence.
A data-driven multivariate Markov process based multivariate uncertainty model built using real-life data with
the capability of continuous online learning.

II. M ARKOV CHAIN BASED UNCERTAINTY MODELING
We begin by introducing a discrete-time multivariate
Markov chain based model for modeling uncertainty in residential load and PV generation. We then describe the methodology followed to build the Markovian model for the entire
time-series prediction, proceeded by its online learning algorithm.
A. Construction of the Multivariate Markov Chain Model
For modeling single or multiple uncorrelated uncertainties,
the conventional approach of the univariate Markov chain
is sufficient. The residential load and PV demonstrate some
correlation [36], [37]. To capture the uncertainty in multiple
correlated quantities simultaneously, we adopt multivariate
Markov chains [38]. We first begin by briefly reviewing the
univariate Markov model. A discrete-time stochastic model
is a time-series of random variables {Xt : t ∈ T } defined
on a given probability space and indexed by time t, where
T = {1, 2, . . . }. A discrete-time Markov chain (DTMC) is a

stochastic model that describes a sequence of possible events
satisfying the following Markov property:
Pr(Xt+1 = xt+1 |X1 = x1 , X2 = x2 , ..., Xt = xt )
= Pr(Xt+1 = xt+1 |Xt = xt ), (1)
where S = {1, 2, . . . , s} is the finite state space with |S| = s
and xt ∈ S, ∀t ∈ T . The conditional probabilities pij are
called the single-step transition probabilities of DTMC, which
denote the probability of transitioning from state i at time t
to state j at time t + 1, expressed as follows:
pij = Pr(Xt+1 = xj |Xt = xi ), ∀i ∈ S, ∀j ∈ S.

(2)

By appropriately placing pij in a matrix form ∀i ∈ S, ∀j ∈ S,
the transition probability matrix (P) is obtained wherein
s
P
0 ≤ pij ≤ 1, ∀i ∈ S, ∀j ∈ S and
pij = 1, ∀i ∈ S.
j=1

After having obtained P, given xt ∈ Rs , the state probability
distribution for time t + 1 is calculated as xt+1 = Pxt . Since
the application requires the prediction of multiple categorical
sequences that show a certain degree of correlation, we propose the use of a first-order multivariate Markov chain model.
Herein, we consider c = 2 categorical sequences, i.e., the PV
generation and residential load, with each sequence having s
states. We assume that all the states are arranged in ascending
order. The proposed approach is not limited to first-order
Markov models, but can be easily extended to accommodate
higher-order multivariate Markov chains [39].
The residential load is observed to follow a particular
customer-specific pattern and is influenced to a certain degree
by the PV irradiance. Hence, the state probability distribution
of the load sequence at time t + 1 needs to consider the state
probabilities of the load and the PV generation at time t. Let
(a)
xt be the state probability vector for the ath sequence at
time t. Hence, for predicting the state probability vector for
the ath sequence at time t + 1 using a multivariate Markov
chain model, the following relationship can be gained:
(a)

xt+1 =

c
X

(b)

λab P (ab) xt , a = 1, 2, . . . , c,

(3)

b=1

λab ≥ 0,

c
X

λab = 1, a = 1, 2, . . . , c.

(4)

b=1

Equation (3) states that the probability distribution of the ath
sequence at time t + 1 depends on the weighted average of
(b)
P (ab) xt , where P (ab) is the one-step transition probability
matrix from the states in bth sequence to the states in ath
(b)
sequence, and xt is the probability vector of bth sequence
at time t. It can be described in a matrix form as follows:

 
  (1) 
(1)
xt+1
λ11 P (11) · · · λ1c P (1c)
xt
 .  

..
..
.  . (5)
..
 . =

  .. 
.
.
.
 . 

(c)
(c1)
(cc)
(c)
λ
P
·
·
·
λ
P
c1
cc
xt+1
xt
Concisely, (5) can be represented as xt+1 = Qxt , where Q is
the multivariate transition matrix. Q satisfies the properties that
are satisfied by the univariate Markov chain transition matrix
(P) [38]. In (5), λbb weighs in the influence of transitions
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within sequence b on the final probability value, while λab
weighs in the impact of the transitions in sequence b to the
transitions in sequence a on the final probability value.
Next, we describe the numerical technique for estimating the
multivariate Markov chain model parameters λab and P (ab) .
The first step involves calculating the transition frequency
matrices F ab ∈ Rs×s , wherein the transition of states from
the bth sequence to states in ath sequence is counted. Next,
F ab is normalized to obtain the transition probability matrix
P (ab) ∈ Rs×s such that each column of this matrix sums
to 1. Using this procedure, a total of c2 matrices having
dimension s × s need to be computed. The readers can
refer to [38] for a detailed description on the transition frequency/probability matrix calculation. After having obtained
the individual transition probability matrices, the next step
involves computing the values of λab , which assigns a weight
to its corresponding transition probability matrix. Assume that
the multivariate Markov chain model has a stationary vector
x̂ ∈ Rc·s , which can be estimated from the raw data by
computing the proportion of occurrence of each state in each
of the sequences. Given x̂ = (x̂(1) , x̂(2) , . . . , x̂(c) )T , we can
expect that Qx̂ ≈ x̂. The problem of obtaining the values
for λab can be viewed as an optimization problem aimed at
minimizing the gap between Qx̂ and x̂. The optimization
problem ∀a = 1, 2, . . . , c can be expressed as
" c
#
X
min max
λab P (ab) x̂(b) − x̂(a)
(6a)
i
λ
b=1
i
s.t.
c
X

λab = 1,

(6b)

λab ≥ 0, ∀b,

(6c)

b=1

wherein maxi [·]i refers to the element wise maximum value of
the vector [·]. The constrained non-linear optimization problem
(6) can be solved in an iterative manner using the augmented
Lagrangian method. To start, the value of λab is selected as
1/c for all a = 1, 2, . . . , c and for all b = 1, 2, . . . , c. Then,
(6) is solved iteratively by updating λab at every iteration
and terminating the problem when the change in (6a) between
successive iterations is within a tolerance limit.
B. Building Markovian Models for Residential Load and PV
The stochastic prediction models must be parsimonious
since highly parameterized models make it difficult to cover
the model space when performing simulations. However, parsimony comes at a cost as a parsimonious model ignores
certain factors that determine future predictions. Electricity
consumption at any given time is the superposition of a finite
set of on-off loads; also, consumption and PV generation
are time-series based sequential events. Categorical sequences
demonstrating the characteristics mentioned above have been
extensively modeled using Markov chains. This modeling
approach has shown to combine parsimony and descriptive
power [40], [41].
The PV and residential load are observed to follow a daily
cyclic pattern along with demonstrating seasonality. A typical

daily load and PV profile shows three different patterns based
on the time of the day. Hence, we begin by breaking the
PV and load time-series data into three periods, i.e., from
midnight to sunrise, sunrise to sunset, and sunset to midnight.
For the first and the last period, the PV generation is fixed
at 0 kW. For the second period, we observe that the load
and PV generation exhibit a certain degree of correlation.
We generate three Markov models, each corresponding to the
respective period, with the first and third being a univariate
Markov model and the second being a bivariate Markov model.
To merge these models for obtaining a continuous time-series
prediction, a univariate Markov model is built corresponding
to each of the two sequences for each of the two transition
periods. Hence, a total of four univariate Markov models are
built for the transition periods. In total, seven Markov models
are built, of which one is bivariate, and six are univariate.
C. Recursive Online Learning of the Markov Chain
With time, the DC-PVSS behavior changes, thus making
the initially learned multivariate Markov model obsolete. This
makes it necessary to update the existing Markov model. A
priori parameters need to be updated by observing the new
data using an update rule for model parameter refinement,
which generates a posteriori values. We propose using a
Bayesian approach coupled with observation aging to adapt the
multivariate Markov model parameters to the changing system
behavior [42].
In the Bayesian perspective, the transition matrix P (ab) is
a random matrix. The statistical problem of updating each
value in it using new data corresponds to updating the prior
distribution of P (ab) . This is done by taking a weighted sum
of the prior distribution and the newly computed posterior
distribution. In our approach, we update the model at the
start of every month. Let q ∈ {1, 2, . . . } be the index of
the month corresponding to the newly attained data. For this
month, we compute the individual probability matrices P (ab),q .
Given this, the commonly used updating rule to obtain the
(ab),q
new probability values pij
using the Bayes’ rule is given
as follows:
q
P
(ab),l
p
0
q l=1 ij
e
(ab),0
(ab),q
p
+ 0
,
(7)
pij
= 0
e + q ij
e +q
q
where e0 ≥ 1 quantifies the confidence in the a priori
(ab),0
estimate pij
[43]. Home energy management systems
(HEMS) operate in a much dynamic environment wherein the
probability values change dynamically due to frequent changes
in the weather and consumption patterns. In such dynamic
environments, (7) is slow in detecting the changes or may
fail at times. Hence, the updating rule requires modification
to account for the age of the observations. The underlying
idea is to assign a higher weight to recently obtained data and
lower weights for the past data based on its age. We use the
month index q as the age, where the highest index indicates
the most recent value and vice versa. Hence, the age of an
observation h with regards to the current observation q such
that 1 ≤ h ≤ q is given by αh = q − h. The age can then be
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converted to a weight ζ h = ψ −αh assigned to its corresponding observation where ψ ≥ 1 is the aging coefficient. This
coefficient quantifies the impact of the older observations on
the posterior value. A negative exponential function has been
chosen as the aging function due to its simplicity and low
time & memory complexity. By incorporating the age factor,
the update rule (7) is modified as follows:
q
P

(ab),q

pij

(ab),l

ζ l pij
e
q
(ab),0
l=1
= 0
p
+ 0
q
P
e + q ij
e +q
ζl
0

.

(8)

l=1

Equation (8) cannot be implemented as is since the current
formulation would require computing the weights and storing
the probability values for the entire past. For its feasible implementation, it needs to be converted into a recursive format,
which requires the program to remember only the recent past
q
q
P
P
(ab),q
(ab),l
(ab),q
information. Let fij
=
ζ l pij
and gij
=
ζ l . It
l=1

l=1

can be easily shown that each of these terms can be written
in a recursive format as follows:
(ab),q−1

(ab),q
fij

=

(ab),q
pij

+

fij

ψ q−(q−1)

(ab),q−1

,

(ab),q
gij

=1+

gij

ψ q−(q−1)

. (9)

Thus, we have obtained the equations to recursively update
the Markov model parameters with reduced computational
and memory complexity. The procedure for online learning
of the multivariate Markov chain parameters is summarized in
Algorithm 1.
Algorithm 1 Multivariate Markov chain online update
1: Initialize values for e0 , ψ;
2: compute P (ab) from the initial data and store it as P (ab),0 ;
3: for any q ∈ {1, 2, . . . } do
4:
compute P (ab) for month q and save it as P (ab),q ;
5:
if q = 1 then
(ab),q
(ab),q
(ab),q
6:
fij
= pij , gij
= 1;
7:
else
(ab),q
(ab),q
8:
calculate fij
and gij
using (9);
9:
end if
(ab),q
10:
compute updated value for pij
using (8);
(ab),q
(ab),q
11:
obtain P
by placing pij
in a matrix form;
12:
if c > 1 then
13:
compute values for λab using (6);
14:
else
15:
set λ11 = 1;
16:
end if
17: end for
18: return P (ab),q , λab .

III. S CENARIO T REE G ENERATION
The underlying idea of the scenario tree-based approach is
to compute a closed-loop policy using the scenarios determined by the stochastic disturbance sequence predictions by
utilizing the concept of multi-stage stochastic programming
[44]. For the Markov model described in Section II, given

a current state value, we can obtain the probability of all
transitions of the current state. If we use all the states for constructing the scenario tree, the dimensionality of the problem
will keep increasing exponentially, making it computationally
intensive to solve. Hence, for simplifying the stochastic optimization problem, we only account for the most probable state
transitions by following a maximum likelihood approach. This
approach also results in scenarios with variable-horizon length.
Such a scenario tree is called a variable-horizon optimization
tree.
The scenario tree is computed for the pair of random
variables using the Markov chain model described in Section
II. Each random variable has a state space of dimension s. Let
Sa and Sb be the state space for sequence a and b, respectively.
Hence, for a pair of random variables, the total possible state
combinations would equal s2 . The following notations have
been introduced to describe the scenario tree:
• T = {N1 , N2 , . . . , Nnmax }: the set of nodes added progressively to the tree, with N1 being the root node and
Nnmax being the last node added, which could be the only
or one of the multiple leaf nodes of the scenario tree;
r
r
r
2
• δ = (δ1 (t), δ2 (t)) ∈ R : the candidate pair of random
variables unassigned to a node, where δ1r (t) ∈ Sa and
δ2r (t) ∈ Sb for r = 1, 2, . . . , s2 ;
r
r
2
• δN = (δ1 (t), δ2 (t)) ∈ R : the pair of random variables
assigned to node N , where δ1r (t) ∈ Sa and δ2r (t) ∈ Sb
for r ∈ {1, 2, . . . , s2 };
• pre(N ) ∈ T : the predecessor of node N ;
r
• succ(N , δ ): the candidate successor of node N taking
a random variable pair δ r ∈ Sa × Sb for r = 1, 2, . . . , s2 ;
• succ(N , δNn0 ) ∈ T : the successor, Nn0 , of node N
taking the random variable pair δNn0 = δ r ∈ Sa × Sb
for n0 ∈ {1, 2, . . . , nmax } and r ∈ {1, 2, . . . , s2 } ;
• πN ∈ [0, 1]: the probability of reaching N from N1 ;
• C = {C1 , C2 , . . . , Cnmax (s2 −1)+1 }: the set of candidate
nodes defined as C = {N ∈
/ T |∃(n0 , r) : N =
r
0
succ(Nn0 , δ ) for n ∈ {1, 2, . . . , nmax } and r =
1, 2, . . . , s2 };
• L ⊂ T : set of leaf nodes, L = {N ∈ T |∃r ∈
{1, 2, . . . , s2 } : succ(N , δ r ) ∈
/ T };
• tree(T ): the generated scenario tree containing the nodes
belonging to the set T .
The procedure to construct the scenario tree using a bivariate
Markov chain model is shown in Algorithm 2. This approach
can also be followed for making only load predictions for the
night duration by replacing (5) in step 6 with xt+1 = Pxt , and
setting δN ∈ R and δ r ∈ R. Algorithm 2 expands the scenario
tree in the most likely direction so that the paths with higher
probability are extended to have a longer horizon and vice
versa. A pictorial of the resulting scenario tree along with the
graphical interpretation of the used notations for describing
the tree is shown in Fig. 1 for nmax = 8.
IV. SMPC M ODEL OF DC-PVSS
A DC-PVSS model, as shown in Fig. 2, is chosen for
the MPC-based stochastic control analysis over the conventional AC-coupled system due to its cheaper installation and

6

Algorithm 2 Scenario tree generation
1: At any time step t0 :
2: set T = {N1 }, πN1 = 1, n = 1, m = s2 ;
Ss2
3: set C = r=1 {succ(N1 , δ r )};
4: while n ≤ nmax do
5:
for all i ∈ {1, 2, . . . , m} do
6:
compute πCi using (5);
7:
end for
8:
set i∗ = arg maxi∈{1,2,...,m} πCi ;
9:
set Nn+1 =SCi∗ ;
10:
set T = T {Nn+1 };
Ss2
S
11:
set C = r=1 {succ(Ci∗ , δ r )} (C \ Ci∗ );
12:
set m = m + s2 − 1, n = n + 1;
13: end while
14: return tree(T ) .

Execute
Plan
t=t’

t=t’+1

...

t=t’+N

t

Execute

Plan
t=t’+1

t=t’+2

...

t=t’+1+N

t

Fig. 3. Receding horizon based SMPC timeline.

different scenarios having variable look-ahead horizon length
as obtained from the generated scenario tree, and the results
of the current time slot are implemented. For generating the
scenario tree at every time instant, the current state of the
load, PV generation, and the battery SOC are assumed to be
known. These assumptions are reasonable since the HEMS
system is equipped with sensors that monitor these parameters
at all times. Due to the scenario tree’s structural properties,
the entire optimization problem at a given time instant takes
the form of a multi-stage stochastic optimization problem.
After obtaining the scenario tree, each of its paths, obtained
by traversing the tree between the root node and a leaf
node, is broken down into individual scenarios. The scenario
enumeration technique is then applied to solve the problem.
To ensure that the results adhere to the scenario tree structure,
nonanticipativity constraints are added for the variables in the
model. This way, the multi-stage stochastic problem is reduced
to multiple deterministic subproblems. For every scenario (ω)
0
starting at time t0 with a look ahead horizon of N ω,t , the
ω,t
ω,t
ω,t
random variable pair is denoted by o = (PPV , PL ) for all
0
t0 < t ≤ t0 + N ω,t .
The objective function, aimed at minimizing the expected
electricity purchasing and battery degradation cost, is written
as follows:

Fig. 1. Pictorial representation of a variable-horizon scenario tree.

operation costs coupled with reduced grid interconnection
charges [45]. For the DC-PVSS, we permit the sale of excess
PV generation to the grid, along with charging the battery
and meeting the load demand. We restrict the sale of stored
energy to the grid to prevent energy arbitrage and over-voltage
scenarios due to increased power injection into the grid.

0

0

|Ωt |

fobj (u) =

X

0

π ω,t

ω,t
t0 +N
X

ω,t
(PGω,t ptr − PPV2G
ps )∆t

t=t0

ω=1

0

+

ω,t
t0 +N
X

ω,t
ω,t
γd (PG2B
+ PPV2B
),

(10)

t=t0
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DC/DC
Converter (C1)
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Bidirectional
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Smart Meter
Grid

Residential
Load

Fig. 2. Schematic of a DC-coupled PV-storage system.

A. Stochastic DC-PVSS Model
A receding horizon-based SMPC, as shown in Fig. 3, is
implemented wherein the optimization problem is run for

where u is the vector of decision variables as listed in section
C of the nomenclature and γd , taking a value of 0.01, is the
factor associated with battery degradation. The value of 0.01,
obtained from [46], is sufficiently small in relation to the TOU
rates and the flat sell back price of excess PV generation to
ensure that the battery degradation cost does not overshadow
the influence of the electricity purchasing cost on the objective
value. The overall SMPC based mixed-integer linear program
(MILP) solved for every time instant t0 , is given as follows:
min fobj (u)
u
s.t.

(11a)

ω,t
ω,t
PGω,t + ηC1 ηC2 (PPV
− PCω,t ) + ηC2 ηCC PB2H
=
ω,t
ω,t
ω,t
PLω,t + PG2B
+ PPV2G
+ PPV2B
,
ω,t
PPV2B

+

ω,t
PPV2G

+

ω,t
PPV2H

+

ηC1 ηC2 PCω,t

(11b)
=

ω,t
ηC1 ηC2 PPV
,

(11c)
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ω,t
ω,t
PG2B
+ PG2H
= PGω,t ,

(11d)

ω,t
SOC = SOC
+ [ηc ηCC (ηC2 PG2B
+
−1
ω,t
−1
− (ηd ηCC ηC2 ) (PB2H )]E b ∆t,
ω,t
ω,t
P c ≤ ηCC ηC2 −1 PPV2B
+ ηCC ηC2 PG2B
≤ P c,
−1 ω,t
P d ≤ (ηCC ηC2 ) PB2H ≤ P d ,
ω,t
ω,t

ω,t−1

SOC ≤ SOC

ηC2

−1

ω,t
PPV2B
)

(11e)
(11f)
(11g)

≤ SOC,

(11h)

ω,t
PG2B
≤ φω,t P C2 ,
ω,t
ω,t
ηC1 PPV
+ ηC2 −1 (PB2H
ω,t
ω,t

φ

+ρ

(11i)
−

=u

−

PCω,t )

ω,t

≤ρ

P C2 ,

(11j)

≤ 1,

ω,t
PPV2G
≤ M β ω,t ,
PGω,t ≤ M (1 − β ω,t ),
ω,t
ω 0 ,t
0
t0

u

ω,t
PPV2B

, ∀ω ∈ Ω with o

(11k)

Algorithm 3 Real-time DC-PVSS operation using SMPC
1: for all t0 = 1, . . . , T do
2:
if new month then
3:
update existing Markov model parameters using Algorithm 1;
4:
end if
0
0
t0
5:
get measurements for PPV
, PLt , SOC t −1 ;
6:
construct the scenario tree tree(T ) using Algorithm 2;
0
7:
extract individual scenarios and obtain Z t ;
8:
solve SMPC problem (11) and implement results for
time t0 ;
9: end for

(11l)
(11m)
ω,t

=o

ω 0 ,t

,

Uncertainty modeling
(Bivariate Markov model)

(11n)

ω,t
ω,t
ω,t
ω,t
ω,t
ω,t
PG2H
, PPV2H
, PPV2B
, PPV2G
, PB2H
, PG2B
, PCω,t , PGω,t ≥ 0,

Build Markov model: (1)-(6)

(11o)
ρω,t , φω,t , β ω,t ∈ {0, 1},

(11p)

Utility

Update Markov model
online: Algorithm 1

Scenario generation
0

0

for all ω ∈ Ωt and t = t0 , . . . , t0 + N ω,t . The power balance
constraint is given by (11b). Constraint (11c) ensures balance
of PV generation and (11d) assigns the total grid import to the
auxiliary variable PGω,t . Constraints (11e)–(11h) describe the
intertemporal battery SOC change, limit the charging rate and
discharging rate within the specified limits, and ensure that the
battery SOC stays within the specified bounds, respectively.
Constraints (11i)–(11k) ensure the unidirectional operations of
the DC/AC inverter and ensure that the power transfer is below
the inverter’s maximum limit. Constraints (11l)–(11m) ensure
the unidirectional exchange of power with the grid. The big M
method is used in these two constraints to maintain numerical
stability, wherein the value of M is selected to be equal to the
maximum load of the house obtained using the historical data.
Equation (11n) denotes the nonanticipativity constraints. By
including the battery efficiency coefficients in the model such
that 0 < ηc < 1 < ηd−1 , the scenario of simultaneous charging
and discharging is avoided [47]. Hence, the need for additional
binary variables to enforce the unidirectional interaction with
the battery is eliminated.
Remark 1. At any given time t0 , if the problem is feasible at
0
all future time steps t0 < t ≤ t0 + N ω,t , then the recursive
feasibility is established. The optimization problem (11) is
always feasible due to there being no constraints limiting the
amount of energy drawn from the grid, producing the following
ω,t
ω,t
ω,t
ω,t
=
= PLω,t , PCω,t = PPV
, PPV2H
= PPV2B
trivial solution: PG2H
ω,t
ω,t
ω,t
PPV2G = PB2H = PG2B = 0, ρω,t = φω,t = β ω,t = 0.
The combined algorithm for solving the SMPC problem using
scenario enumeration technique is shown in Algorithm 3, and
a schematic overview of the entire proposed approach is shown
in Fig. 4.
V. DC-PVSS S IMULATION R ESULTS
In this section, we analyze the DC-PVSS performance
under SMPC. The load and PV generation data of residential
apartments used for developing the Markov model and for the

Build scenario tree: Algorithm 2

Optimization
Solve SMPC model of DC-PVSS:
(10)-(11)

Fig. 4. Schematic overview of the proposed approach.

SMPC optimization problem is obtained from the Australian
distribution utility, Ausgrid. It consists of the PV generation
and residential load data at a half-hourly resolution along with
the PV system specification for 300 residential customers.
The TOU pricing scheme with the following three levels is
selected: peak (2pm–6pm), off-peak (9pm–9am), and shoulder
(9am–2pm, 6pm–9pm). The TOU rates for the summer and
winter season for the three levels as obtained from Xcel Energy are $0.18/kWh, $0.08/kWh, $0.13/kWh, and $0.14/kWh,
$0.08/kWh, $0.10/kWh, respectively. The flat sell back price
for PV generation is set to $0.04/kWh.
The residential PV system of rating 3 kWp with an interfacing DC/DC converter of power limit 3 kW and storage rated
at 2.5 kW/3 kWh with a charge controller of 2.5 kW power
limit is selected. To have a DC/AC ratio of 1, we fix the
bidirectional DC/AC inverter rating at 3 kW. The efficiencies
of the DC/DC converter, DC/AC inverter, and charge controller
are 98%, 96%, and 98%, respectively. Battery charging and
discharging efficiencies are 96% and 94%, respectively. The
minimum limits for all the devices listed above are fixed at 0,
while the maximum limits are set to the rated capacity of the
respective device.
The load profiles of the 300 houses are clustered using kmeans analysis, and an averaged load profile of the cluster
containing the most homes is obtained. We refer to this
cluster as House 1 hereafter. We perform the similar analysis
for the top three clusters among the remaining clusters, and
refer to them as House 2–4 hereafter. The values of load
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and PV generation for every month are averaged based on
their corresponding time instant to get a single time-series
representative of the entire month, which serves as the actual
realization of the uncertainty. Hence, the complete SMPC
simulation, which is the aggregate of the summer and winter
season, is run for 12 days. The summer and winter TOU rates
are applicable for the 6 months of September–February and
6 months of March–August, respectively. The optimization
problem is solved using IBM CPLEX solver using Python, and
the Markov chain model is generated by the markovchain
package using the R programming language. The complete
analysis is performed on an Intel i5 CPU at 3.2 GHz.
The Markov model transition matrix is obtained using
s = 10 states. The states are obtained using k-means analysis.
Using the elbow method, the within-cluster-sum-of-squares
metric value shows an incremental change for the total cluster
size of 10 and above. After having the raw data matched
with the corresponding states, we build the Markov model
using the methodology showed in Section II. The scenario-tree
generation methodology, as shown in Algorithm 2, contains a
hyperparameter nmax . To choose the value of nmax that gives
a stable objective value with a low computation time, we
analyze the SMPC problem for one day with a varying value
of nmax . We observe that the objective function stabilizes and
the computation time sharply increases for nmax > 22. Hence,
nmax is fixed at 22. The states in the scenario tree are then
replaced by their corresponding cluster means as obtained
from the k-means analysis. To ensure diversity, instead of
directly using the cluster mean as the uncertainty value, a
random value is sampled from a Gaussian distribution formed
using the cluster mean and standard deviation.
A. Performance Evaluation
In this section, we analyze the performance of the SMPC in
comparison to its deterministic equivalents such as prescient
MPC (PMPC), which assumes the exact knowledge of the
uncertainty along the prediction horizon, and the frozentime MPC (FTMPC), which assumes the random variables
representing uncertainty remain constant over the prediction
horizon. We also analyze a greedy formulation, wherein the
decisions for any given time instant are taken independently
using the input data for that particular time instant, without
any influence of future time predictions. We refer to this
approach as greedy control (GC) hereafter. To ensure similar
grounds for comparison, the look-ahead horizon length for
FTMPC and PMPC has been selected as 22. This ensures
that the optimization problem size for all the MPC schemes
is similar, with SMPC having few additional nonanticipativity
constraints.
The simulation is carried out for 6 days of each season,
with each day being an averaged representation of a month.
We compare the SMPC results with those of PMPC, FTMPC,
and GC. Along with House 1, we also perform the comparative
analysis for Houses 2–4 to demonstrate the efficacy of our proposed approach over other conventionally used methods and
different load and PV generation profiles. Table I highlights
the comparison of specific key performance indicators of the

system operation, i.e., the total electricity consumption cost,
average battery SOC, and the ratio of peak to the average
power input (PAR) from the grid. The PAR value shown
hereafter is the average of the daily PAR values calculated.
The results show that the performance of the SMPC is
very close to PMPC from the total cost perspective for all
houses. In FTMPC, since the uncertain values are held constant throughout the horizon, the decisions are not accurately
optimized from a future perspective. On the contrary, with GC,
the decisions are optimal for the specified time instant but
do not anticipate any future influence. Regarding the average
battery SOC, we observe a high value for PMPC and FTMPC,
and a significantly lower value for GC and SMPC. The SOC
plots for the first day of each season for House 1 are shown
in Fig. 5. Houses 2–4 show similar SOC trajectories to those
of House 1 and have not been included here due to space
limitations. In FTMPC, the total PV and load stay constant
for a long time horizon, resulting in charging the battery
significantly. However, the values for random variables for the
next time instant might be significantly different. This results
in the stored charge stagnating in the battery for a long time.
The battery charge/discharge cycles for PMPC and SMPC
follow a similar pattern; however, in SMPC, owing to the
uncertainty, the battery is cautiously charged, resulting in a
lower value for average SOC. In the case of GC, the battery
is only charged using the available PV generation when it
is efficient to do so instead of converting it from DC to
AC for meeting the load demand and/or selling to the grid.
This is the most optimal strategy for control when the future
influence is not accounted for. Fig. 6 shows that the total grid
input of House 1 for a day for SMPC and PMPC follows
a similar pattern. For House 1, the root-mean-square-error
value (RMSE) between PMPC and SMPC is around 0.485
kW, while between PMPC and FTMPC/GC is around 0.643
kW. The PAR value for SMPC is comparable to that of the
other deterministic MPC schemes. This can be attributed to the
conservative decision-making aspect of stochastic optimization
along with realistic uncertainty modeling, which ensures the
generation of quality scenarios close to the actual realization.
Next, we show the numerical results that demonstrate the
effectiveness of the online learning of the Markov chain
parameters. For this analysis, we begin with the first month in
the summer season and build a Markov chain model for this
month. After that, the model for the next month is updated
by using the data of the past, as shown in Algorithm 1.
The hyperparameters for this algorithm are e0 and ψ, which
are set to 1 and 2.5, respectively. A low value is selected
for e0 since the parameter validity of the model fitted for
q = 0 will hold only for a short duration, and its influence
will not be significantly observed in the latter months. The
selected value of ψ ensures a more substantial influence of
the immediate 4 months of the past on the model parameters.
Since the transition matrix for online learning is continuously
updated using the immediate past data, the efficacy of the
online learning will be best seen if a combined simulation
for the 12 days of summer plus winter is performed. Hence,
we compare the combined summer and winter results for
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TABLE I
DC-PVSS E NERGY M ANAGEMENT S IMULATION R ESULTS
Parameter

Summer
FTMPC
PMPC

GC

Cost ($)
Average SOC (%)
PAR

6.576
3.562
5.021

6.481
59.403
6.930

5.248
32.901
6.016

Cost ($)
Average SOC (%)
PAR

6.2562
3.051
4.413

6.117
34.872
8.968

5.418
39.091
8.990

Cost ($)
Average SOC (%)
PAR

7.751
3.668
6.463

6.752
43.751
7.319

6.325
51.134
8.251

Cost ($)
Average SOC (%)
PAR

4.651
3.447
5.085

4.135
42.061
11.381

3.780
39.814
11.581

FTMPC

GC

PMPC

SMPC
GC
House 1
5.719
9.479
14.118
3.727
5.188
5.162
House 2
5.581
8.459
9.480
3.225
4.101
4.439
House 3
6.598
12.754
19.196
4.860
6.657
3.451
House 4
3.901
11.404
6.264
4.737
8.774
4.396

8.469
58.792
6.473

7.107
45.251
6.317

7.664
19.438
5.475

8.817
39.391
6.174

7.274
49.615
6.545

7.804
10.773
5.473

12.177
49.252
5.956

11.164
49.938
5.872

11.844
19.977
5.551

11.438
57.632
6.608

10.353
48.877
6.820

10.891
11.194
5.013

GC

PMPC

Summer

100

SMPC
Winter
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0
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3
2
1
0
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0
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0
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Fig. 5. Battery SOC of House 1 for a day using different control approaches.

Fig. 6. Grid input of House 1 for a day using different control approaches.

PMPC, SMPC, and SMPC with online learning (SMPC-OL).
Hereafter, for all comparisons with SMPC-OL, the results
of other MPC techniques have been combined for both the
seasons and displayed. To combine the summer and winter
results, the individual costs and losses are added. At the same
time, the average SOC and PAR values are recomputed by
combining the results of both seasons.
Table II shows the comparative results for PMPC, SMPC,
and SMPC-OL using total cost, average SOC, and PAR as
performance indicators. The percentage gap between the cost
of SMPC and SMPC-OL with respect to PMPC is also shown.
From the results for House 1, we observe that with SMPC-OL,
the total cost moves much closer to the PMPC cost, with a
2.0% gap between the two, as opposed to 8.3% with SMPC.
Similar inferences can be made for Houses 2–4. Fig. 7 shows
the grid input profiles of SMPC and SMPC-OL for two consecutive days of each season for House 1. The plot demonstrates
the capability of the SMPC-OL to adapt to the different days,

where each day represents a month, by learning the uncertainty
model and using it to generate a scenario tree, which is a
good representative of the features specific to the particular
month. This shows that our proposed SMPC combined with
the Markov chain recursive online learning brings the solution
significantly closer to PMPC, which assumes complete and
accurate knowledge of the uncertainties.
The system operation model (11) factors in the efficiency of
each component, thus making the control decisions sensitive to
the efficiency values. Hence, we analyze energy management
from the perspective of losses. The losses are computed by
calculating and aggregating the difference between the input
and the output power of every energy conversion device and
the energy storage unit. Table III summarizes the system
losses. The losses using the GC scheme are the lowest among
other control schemes, indicating that battery charging and
discharging account for a significant portion of the total losses.
This is because, as seen from Fig. 5 and Fig. 6, the GC scheme
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TABLE II
C OMPARISON OF SMPC-OL WITH SMPC AND PMPC
Summer + Winter
SMPC
SMPC-OL
House 1
12.355
13.383
12.602
39.076
16.778
14.237
6.838
5.621
5.417
8.3
2.0
House 2
12.692
13.385
12.795
44.353
10.126
8.628
8.704
5.884
6.218
5.5
0.8
House 3
17.489
18.442
18.146
50.536
19.587
15.951
6.375
6.167
6.851
5.4
3.8
House 4
14.133
14.792
14.631
44.346
8.729
10.291
11.285
5.854
6.214
4.7
3.5

Parameter

House

PMPC

Cost ($)
Average SOC (%)
PAR
Cost increase (%)
Cost ($)
Average SOC (%)
PAR
Cost increase (%)
Cost ($)
Average SOC (%)
PAR
Cost increase (%)
Cost ($)
Average SOC (%)
PAR
Cost increase (%)

SMPC

House
House
House
House

1
2
3
4

GC
13.884
12.201
13.693
8.362

Summer + Winter
FTMPC
PMPC
SMPC
28.086
21.896
20.004
19.842
18.341
15.100
19.510
18.738
14.696
16.295
15.157
12.390

SMPC-OL
19.370
14.582
15.466
12.958

TABLE IV
C OMPUTATION T IME C OMPARISON
Time

SMPC-OL

Summer

3

TABLE III
S YSTEM L OSSES ( KW ) U NDER D IFFERENT C ONTROL S CHEMES

GC

Average (s)
Max (s)

0.124
0.265

Average (s)
Max (s)

0.182
0.299

Average (s)
Max (s)

0.184
0.302

Average (s)
Max (s)

0.181
0.300

Summer + Winter
FTMPC
PMPC
SMPC
House 1
0.934
0.945
0.553
1.857
1.783
0.872
House 2
0.975
0.963
0.491
1.819
1.734
0.876
House 3
0.986
0.977
0.538
1.943
1.754
0.965
House 4
0.940
0.949
0.502
1.712
1.750
0.839

SMPC-OL
0.613
0.928
0.485
0.924
0.588
1.003
0.492
0.821

Winter

utilizes the energy storage to the least extent and depends
significantly on the grid and PV generation to satisfy load demand. Amongst the MPC-based schemes, the proposed SMPC
and SMPC-OL demonstrate losses comparable to PMPC. This
can be attributed to the moderate use of energy storage as seen
in Fig. 5 due to the conservative decision-making of stochastic
optimization. The enhanced uncertainty modeling also plays
a key role in achieving this result. Summarizing the above
analysis, we observe that the SMPC and SMPC-OL closely
mimic the performance of the PMPC scheme in terms of the
similarity in the grid input profile, total electricity purchasing
costs, PAR values, and system losses.

enumeration. After obtaining the Markov model transition
matrix, the addition of a single node to the scenario tree takes
0.118 seconds. Hence, the total time taken to construct a 22
node scenario tree equals 2.6 seconds. Given that the system
operates at time intervals of 30 minutes, the time required to
build the scenario tree is reasonable. The computation time
needed for solving the control problem using various control
schemes is shown in Table IV. We see that for FTMPC, PMPC,
and SMPC, with each problem having 22 nodes for future
predictions, the computation time of SMPC is almost half of
that of the rest. This is due to the scenario tree spanning
the 22 nodes over multiple scenarios, with each scenario
being a smaller computationally efficient sub-problem. If the
transition probability matrix has few transitions with high
probability, a scenario tree with few but long horizon scenarios
is realized. This leads to fewer sub-problems with more
constraints and variables. On the contrary, if the transitions
are near equiprobable, then the scenario tree branches out into
many shorter horizon scenarios, with each sub-problem having
fewer variables and constraints. The use of bivariate Markov
chain for making predictions instead of using more complex
methodologies for forecasts, such as neural networks, render
our proposed approach computationally efficient and obtain
results that closely match the PMPC results. Since SMPC-OL
and SMPC share a similar approach for computation except for
the difference in the uncertainty model, the above reasoning
can be extended to SMPC-OL.

B. Computational Performance Analysis

C. Uncertainty Model Performance Analysis

Next, we analyze and compare the computational performance of the various control schemes used for DC-PVSS
energy management. For each time slot, solving the SMPC
can be broken down into two tasks: (a) building the scenario
tree, and (b) addressing the SMPC problem via scenario

To incorporate the inherent relationship between the two
uncertainties, i.e., the PV generation and residential load,
we proposed the use of bivariate Markov chains. By doing
so, we could factor in the correlation between these two
uncertainties in the scenarios generated. To demonstrate the

SMPC

1

0
3

2

SMPC-OL

Total grid import (kW)

2

1

0
0

25

50
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100 0
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Time slots (30 min interval)
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Fig. 7. Grid input profile of SMPC and SMPC-OL of House 1 for two days.
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influence of accounting this relationship in the generated
scenarios, we compare the simulation results of our proposed
approach against those obtained by following the conventional
method of using two independent univariate Markov chains.
To compute a univariate Markov chain transition probability
matrix, we follow the procedure described in the first part
of section II.A followed by the method in section III for
scenario tree generation. Next, to demonstrate the efficacy
of using a variable-horizon scenario tree, we compare our
proposed approach with the conventional structure of scenario
trees used for scenario-based stochastic optimization. Herein,
the scenario trees have the same number of scenarios for all
time intervals, and each scenario has the same look-ahead
horizon length. We refer to this case as the conventional SMPC
and conventional SMPC-OL. To ensure a similar ground for
comparison, the conventional scenario tree is defined to take
five scenarios with a look-ahead time horizon of four time
steps, resulting in a scenario tree with nmax = 21. The
above configuration for the conventional scenario tree was
chosen since, on average, five scenarios were observed in
the simulations performed above using the variable-horizon
scenario tree. A procedure similar to Algorithm 2 is followed for the conventional scenario tree generation. Since
the states are progressively added to the tree in decreasing
order of their probability, sampling additional scenarios and
performing scenario reduction procedures is not needed. The
results for all different combinations obtained by using univariate/bivariate Markov chains and the conventional scenario
generation/variable-horizon scenario tree approach for SMPC
and SMPC-OL for House 1 are shown in Table V.
We observe that the results using scenarios generated from
the bivariate Markov chain are superior to those obtained
by using univariate Markov chains. The cost of purchasing
electricity is lower when using the scenarios obtained from the
bivariate Markov model. This is observed for all the different
variants, i.e., for the conventional/variable-horizon SMPC and
SMPC-OL. The reasoning behind this is that the generated
scenarios using the bivariate uncertainty model account for
the trend shown by the PV generation and the residential load
in the historical data. Similar results are observed for system
losses as well. Lastly, we analyze the model performance
from the scenario tree structure perspective. Our proposed
approach for SMPC and SMPC-OL demonstrates a considerable improvement for all the key performance indicators
compared to the conventional scenario generation approach
using a univariate and bivariate uncertainty model. Overall, the
impact of considering the interdependence in the multivariate
uncertainty, along with using a customized variable-horizon
scenario tree, can be seen from Table V. Houses 2–4 show
similar performance improvement, and the results have not
been displayed due to space limitations.
As mentioned in section II.A, the proposed approach can
be easily extended to higher-order multivariate Markov chains
for more complex modeling of the uncertainty. Hence, we
analyze the performance of SMPC and SMPC-OL with higherorder bivariate Markov chains. The results are shown in Table
VI. A Markov model of 4th order is chosen to estimate the
current state by looking 2 hours into the past. The results

show a slight improvement over those obtained using firstorder Markov chains. The total cost for SMPC and SMPC-OL
moves slightly closer to the PMPC cost in most cases.
D. Comparison with Non-MPC Methods
Herein, we compare our proposed approach with the nonMPC based stochastic programming (SP) [48] and robust
optimization (RO) [49] approaches by using their solution
methodology for solving the problem described in (11). These
approaches have been widely employed for the energy management of large-scale distribution networks, microgrids, and
residential systems. A two-stage SP and RO approach is
used in which the first stage takes the grid import/export
decision for all daily time steps by accounting for different
scenarios. For the SP formulation, a total of 20 scenarios are
generated using the conventional scenario tree format, starting
with different values for the initial state and progressively
expanding each scenario individually for the remaining 47
time steps using a first-order bivariate Markov model. For
the RO formulation, the uncertainty is modeled using an
uncertainty set, and the solution is obtained against the worstcase realizations in the uncertainty set. The uncertainty set is
obtained by identifying the maximum and minimum values
for each time interval in the historical data. Using the binary
decisions obtained, the energy management problem is solved
for each time step with the uncertainty’s actual realization.
The results are shown in Fig. 8.
We observe that the costs for SP are slightly higher than
those of SMPC and SMPC-OL. This can be attributed to the
lack of decision updates with the passage of time combined
with the mismatch between the generated scenarios and realtime realization. This is avoided in MPC since each time
slot’s decisions are updated based on the real-time observations of the uncertain variables. Further, due to RO’s highly
conservative nature, the costs are higher than those obtained
by using SMPC and SMPC-OL. Also, constraint violation
instances were observed while executing the binary SP and RO
decisions in real-time using the real-time uncertainty realization. These violations were eliminated by resolving the model
after relaxing the violating constraints for the corresponding
time slot. Although RO theoretically accounts for the worstcase realizations, its capability is limited by the budget of
uncertainty. The higher the uncertainty budget, the higher is
the degree of worst-case realization factored into the optimization model. This would result in more robust but highly
conservative solutions. The choice of the uncertainty budget
for the above simulation was made by analyzing the historical
data and by maintaining a balance between robustness and
conservativeness. Hence, violation of constraints for few time
slots was observed while implementing the RO solution due
to the real-time realization not being accounted for in the RO
uncertainty set. On average, for all the houses, using SP leads
to a total cost increase of 7.3%, while using RO leads to a
cost increase of 20.41% with regards to SMPC-OL.
VI. C ONCLUSION
This paper proposes a data-driven real-time stochastic MPCbased energy management system for residential-scale DC-
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TABLE V
C OMPARISON BETWEEN THE PROPOSED APPROACH AND NUMEROUS CONVENTIONALLY USED APPROACHES FOR H OUSE 1∗
Summer + Winter
SMPC

SMPC-OL
Variable-horizon
Conventional
Variable-horizon
Conventional
Univariate
Bivariate
Univariate
Bivariate
Univariate
Bivariate
Univariate
Bivariate
14.428
13.383
14.942
14.563
13.393
12.602
12.691
12.787
20.992
16.778
16.659
16.761
18.704
14.237
16.011
11.832
6.103
5.621
6.359
6.279
6.108
5.417
6.093
5.727
20.900
20.004
21.250
20.818
19.859
19.370
19.495
19.807
∗ Shaded columns denote results of the proposed approach.

Parameter
Cost ($)
Avg SOC (%)
PAR
Loss (kW)

TABLE VI
DC-PVSS SIMULATION USING 4 TH ORDER BIVARIATE M ARKOV MODEL
Approach
SMPC
SMPC-OL

House 1
13.012
12.587

SMPC

Summer + Winter cost ($)
House 2
House 3
House 4
13.313
18.185
14.890
12.624
17.988
14.926

SMPC-OL

SP

RO

Cost ($)

20
15
10
5
0

House 1

House 2

House

House 3

House 4

Fig. 8. Comparison of SMPC and SMPC-OL with non-MPC methods

coupled PV-storage systems. In the proposed approach, the
uncertainty modeling is performed via a multivariate Markov
chain model equipped with online learning, which elegantly
models the two uncertainty sequences, i.e., the PV generation
and the residential load, along with preserving the inherent
relationship between the two. The control problem is formulated to minimize the total electricity purchasing cost and
battery degradation. Using the multivariate Markov model,
the uncertainty is then incorporated into the SMPC problem
via scenario enumeration technique using a variable-horizon
scenario tree structure. Instead of having the same horizon
length for different scenarios, a variable-horizon structure
ensures longer horizon lengths for most probable events and
vice versa. This helps minimize the computational burden
and produces realistic results due to the higher overall probability of the longer horizon scenarios. Finally, a Bayesianbased recursive learning framework is incorporated to ensure
continuous learning of the uncertainty model using the newly
obtained data with low computation and memory complexity.
Empirical performance analysis of the proposed approach
with a greedy control scheme, various deterministic MPC
schemes, and non-MPC schemes is performed. We observe
that the SMPC has an improved performance over the commonly used FTMPC, and performance very similar to that of
the PMPC, wherein the exact future realization is known. Since
it is impossible to know the exact future realization in advance,
the PMPC cannot be practically implemented. But achieving

performance close to the PMPC serves as an essential step for
validating our proposed approach. The comparison of results
obtained using SMPC-OL against SMPC and PMPC highlights
the performance improvement achieved by facilitating the
continuous learning of the uncertainty model over the usage
of a static uncertainty model. A superior performance of the
proposed SMPC and SMPC-OL is observed in comparison
to the non-MPC stochastic and robust optimization-based
approaches. In our future work, we will focus on analyzing
the sensitivity of the retail electricity rates and component
sizing on the model operation. The ultimate goal is to build
a platform that will serve as a planning and operational tool.
To make the model more realistic, different residential loads,
customer satisfaction index, and energy efficiency programs
such as demand response will be incorporated.
R EFERENCES
[1] A. Perea, “Solar market insight report 2017 Q4,” Solar Energy
Industries Association (SEIA), Washington DC (United States),
Tech. Rep., 2017. [Online]. Available: https://www.seia.org/researchresources/solar-market-insight-report-2017-q4
[2] L. Bird, J. Cochran, and X. Wang, “Wind and solar energy curtailment:
Experience and practices in the United States,” National Renewable
Energy Lab.(NREL), Golden, CO (United States), Tech. Rep., 2014.
[Online]. Available: https://www.nrel.gov/docs/fy14osti/60983.pdf
[3] P. Denholm and R. Margolis, “Energy storage requirements for achieving
50% solar photovoltaic energy penetration in California,” in National
Renewable Energy Laboratory (NREL) Tech. Rep., 2016, Golden, CO,
USA, 2016, pp. 95–102.
[4] M. Steurer, U. Fahl, A. Voß, and P. Deane, “Chapter 15 - Curtailment: An
option for cost-efficient integration of variable renewable generation?”
in Europe’s Energy Transition. Academic Press, 2017, pp. 97–104.
[5] B. Stephen, X. Tang, P. R. Harvey, S. Galloway, and K. I. Jennett,
“Incorporating practice theory in sub-profile models for short term
aggregated residential load forecasting,” IEEE Transactions on Smart
Grid, vol. 8, no. 4, pp. 1591–1598, Jul. 2017.
[6] S. Schreck, I. Prieur de La Comble, S. Thiem, and S. Niessen, “A
methodological framework to support load forecast error assessment in
local energy markets,” IEEE Transactions on Smart Grid, vol. 11, no. 4,
pp. 3212–3220, 2020.
[7] R. Ahmed, V. Sreeram, Y. Mishra, and M. Arif, “A review and evaluation
of the state-of-the-art in PV solar power forecasting: Techniques and
optimization,” Renewable and Sustainable Energy Reviews, vol. 124, p.
109792, May 2020.
[8] S. Teleke, M. E. Baran, S. Bhattacharya, and A. Q. Huang, “Rule-based
control of battery energy storage for dispatching intermittent renewable
sources,” IEEE Transactions on Sustainable Energy, vol. 1, no. 3, pp.
117–124, Oct. 2010.
[9] M. Sechilariu, B. Wang, and F. Locment, “Building integrated photovoltaic system with energy storage and smart grid communication,” IEEE
Transactions on Industrial Electronics, vol. 60, no. 4, pp. 1607–1618,
2013.
[10] J. Hu, Y. Xu, K. W. Cheng, and J. M. Guerrero, “A model predictive control strategy of PV-battery microgrid under variable power generations
and load conditions,” Applied Energy, vol. 221, pp. 195–203, 2018.

13

[11] I. Lampropoulos, P. Garoufalis, P. P. J. van den Bosch, and W. L. Kling,
“Hierarchical predictive control scheme for distributed energy storage
integrated with residential demand and photovoltaic generation,” IET
Generation, Transmission Distribution, vol. 9, no. 15, pp. 2319–2327,
2015.
[12] Y. Riffonneau, S. Bacha, F. Barruel, and S. Ploix, “Optimal power
flow management for grid connected PV systems with batteries,” IEEE
Transactions on Sustainable Energy, vol. 2, no. 3, pp. 309–320, Jul.
2011.
[13] S. Grillo, M. Marinelli, S. Massucco, and F. Silvestro, “Optimal management strategy of a battery-based storage system to improve renewable
energy integration in distribution networks,” IEEE Transactions on
Smart Grid, vol. 3, no. 2, pp. 950–958, June 2012.
[14] K. Garifi, K. Baker, B. Touri, and D. Christensen, “Stochastic model
predictive control for demand response in a home energy management system,” in 2018 IEEE Power Energy Society General Meeting
(PESGM), Aug. 2018, pp. 1–5.
[15] K. Garifi, K. Baker, D. Christensen, and B. Touri, “Stochastic home
energy management systems with varying controllable resources,” in
2019 IEEE Power Energy Society General Meeting (PESGM), Aug.
2019, pp. 1–5.
[16] C. Chen, J. Wang, Y. Heo, and S. Kishore, “MPC-based appliance
scheduling for residential building energy management controller,” IEEE
Transactions on Smart Grid, vol. 4, no. 3, pp. 1401–1410, Sep. 2013.
[17] M. Killian, M. Zauner, and M. Kozek, “Comprehensive smart home energy management system using mixed-integer quadratic-programming,”
Applied Energy, vol. 222, pp. 662–672, 2018.
[18] A. Shirsat and W. Tang, “Sensitivity analysis of time-of-use rates on
operations of home energy management systems,” in 2020 IEEE Power
Energy Society General Meeting (PESGM), Aug. 2020, pp. 1–5.
[19] F. Hafiz, M. A. Awal, A. R. d. Queiroz, and I. Husain, “Realtime stochastic optimization of energy storage management using deep
learning-based forecasts for residential pv applications,” IEEE Transactions on Industry Applications, vol. 56, no. 3, pp. 2216–2226, 2020.
[20] G. Ripaccioli, A. Bemporad, F. Assadian, C. Dextreit, S. Di Cairano,
and I. V. Kolmanovsky, “Hybrid modeling, identification, and predictive
control: An application to hybrid electric vehicle energy management,”
in Hybrid Systems: Computation and Control. Springer, 2009, pp.
321–335.
[21] F. Luo, G. Ranzi, C. Wan, Z. Xu, and Z. Y. Dong, “A multistage home
energy management system with residential photovoltaic penetration,”
IEEE Transactions on Industrial Informatics, vol. 15, no. 1, pp. 116–
126, 2019.
[22] C. Poolla, A. K. Ishihara, and R. Milito, “Designing near-optimal
policies for energy management in a stochastic environment,” Applied
Energy, vol. 242, pp. 1725–1737, 2019.
[23] M. Shin and J. A. Primbs, “A fast algorithm for stochastic model
predictive control with probabilistic constraints,” in Proceedings of the
2010 American Control Conference, 2010, pp. 5489–5494.
[24] M. Mammarella, T. Alamo, F. Dabbene, and M. Lorenzen, “Computationally efficient stochastic MPC: a probabilistic scaling approach,”
arXiv preprint arXiv:2005.10572, 2020.
[25] S. Park and C. Ahn, “Computationally efficient stochastic model predictive controller for battery thermal management of electric vehicle,” IEEE
Transactions on Vehicular Technology, vol. 69, no. 8, pp. 8407–8419,
Aug. 2020.
[26] J. Ospina, N. Gupta, A. Newaz, M. Harper, M. O. Faruque, E. G. Collins,
R. Meeker, and G. Lofman, “Sampling-based model predictive control
of PV-integrated energy storage system considering power generation
forecast and real-time price,” IEEE Power and Energy Technology
Systems Journal, vol. 6, no. 4, pp. 195–207, 2019.
[27] S. D. Cairano, D. Bernardini, A. Bemporad, and I. V. Kolmanovsky,
“Stochastic MPC with learning for driver-predictive vehicle control and
its application to HEV energy management,” IEEE Transactions on
Control Systems Technology, vol. 22, no. 3, pp. 1018–1031, May 2014.
[28] S. Xie, H. He, and J. Peng, “An energy management strategy based on
stochastic model predictive control for plug-in hybrid electric buses,”
Applied Energy, vol. 196, pp. 279–288, 2017.
[29] Y. Ye, D. Qiu, X. Wu, G. Strbac, and J. Ward, “Model-free real-time
autonomous control for a residential multi-energy system using deep
reinforcement learning,” IEEE Transactions on Smart Grid, vol. 11,
no. 4, pp. 3068–3082, 2020.
[30] Chenxiao Guan, Y. Wang, Xue Lin, S. Nazarian, and M. Pedram,
“Reinforcement learning-based control of residential energy storage
systems for electric bill minimization,” in 2015 12th Annual IEEE
Consumer Communications and Networking Conference (CCNC), 2015,
pp. 637–642.

[31] Y. Du and F. Li, “Intelligent multi-microgrid energy management based
on deep neural network and model-free reinforcement learning,” IEEE
Transactions on Smart Grid, vol. 11, no. 2, pp. 1066–1076, 2020.
[32] B. Kim, Y. Zhang, M. van der Schaar, and J. Lee, “Dynamic pricing
and energy consumption scheduling with reinforcement learning,” IEEE
Transactions on Smart Grid, vol. 7, no. 5, pp. 2187–2198, 2016.
[33] E. Mocanu, D. C. Mocanu, P. H. Nguyen, A. Liotta, M. E. Webber,
M. Gibescu, and J. G. Slootweg, “On-line building energy optimization
using deep reinforcement learning,” IEEE Transactions on Smart Grid,
vol. 10, no. 4, pp. 3698–3708, 2019.
[34] D. Ernst, M. Glavic, F. Capitanescu, and L. Wehenkel, “Reinforcement
learning versus model predictive control: A comparison on a power
system problem,” IEEE Transactions on Systems, Man, and Cybernetics,
Part B (Cybernetics), vol. 39, no. 2, pp. 517–529, 2009.
[35] Y. Lin, J. McPhee, and N. L. Azad, “Comparison of deep reinforcement
learning and model predictive control for adaptive cruise control,” IEEE
Transactions on Intelligent Vehicles, vol. Early Access, pp. 1–1, 2020.
[36] M. Cohen and D. Callaway, “Effects of distributed PV generation on
california’s distribution system, part 1: Engineering simulations,” Solar
Energy, vol. 128, pp. 126–138, 2016, special issue: Progress in Solar
Energy.
[37] S. Liu, P. X. Liu, X. Wang, Z. Wang, and W. Meng, “Effects of correlated
photovoltaic power and load uncertainties on grid-connected microgrid day-ahead scheduling,” IET Generation, Transmission Distribution,
vol. 11, no. 14, pp. 3620–3627, 2017.
[38] W. Ching, E. Fung, and M. Ng, “A multivariate Markov chain model for
categorical data sequences and its applications in demand predictions,”
IMA Journal of Management Mathematics, vol. 13, Jul. 2002.
[39] W.-K. Ching, M. K. Ng, and E. S. Fung, “Higher-order multivariate
Markov chains and their applications,” Linear Algebra and its Applications, vol. 428, no. 2, pp. 492–507, 2008.
[40] L. R. Rabiner, “A tutorial on hidden Markov models and selected
applications in speech recognition,” Proceedings of the IEEE, vol. 77,
no. 2, pp. 257–286, Feb. 1989.
[41] M. K. Haider, A. K. Ismail, and I. A. Qazi, “Markovian models for electrical load prediction in smart buildings,” in International Conference on
Neural Information Processing. Springer, 2012, pp. 632–639.
[42] R. Calinescu, K. Johnson, and Y. Rafiq, “Using observation ageing to
improve Markovian model learning in QoS engineering,” in Proceedings of the 2nd ACM/SPEC International Conference on Performance
Engineering, 2011, p. 505–510.
[43] I. Epifani, C. Ghezzi, R. Mirandola, and G. Tamburrelli, “Model evolution by run-time parameter adaptation,” in 2009 IEEE 31st International
Conference on Software Engineering, May 2009, pp. 111–121.
[44] D. Bernardini and A. Bemporad, “Scenario-based model predictive
control of stochastic constrained linear systems,” in Proceedings of the
48th IEEE Conference on Decision and Control (CDC) held jointly with
2009 28th Chinese Control Conference, Dec. 2009, pp. 6333–6338.
[45] N. A. DiOrio, J. M. Freeman, and N. Blair, “DC-connected solar
plus storage modeling and analysis for behind-the-meter systems in
the system advisor model,” in 2018 IEEE 7th World Conference on
Photovoltaic Energy Conversion (WCPEC) (A Joint Conference of 45th
IEEE PVSC, 28th PVSEC 34th EU PVSEC), June 2018, pp. 3777–3782.
[46] M. Yousefi, A. Hajizadeh, M. Norbakhsh Soltani, and B. Hredzak,
“Predictive home energy management system with photovoltaic array,
heat pump and plug-in electric vehicle,” IEEE Transactions on Industrial
Informatics, vol. 17, no. 1, pp. 430–440, Jan. 2021.
[47] K. Garifi, K. Baker, D. Christensen, and B. Touri, “Control of energy
storage in home energy management systems: Non-simultaneous
charging and discharging guarantees,” ArXiv, 2018. [Online]. Available:
https://arxiv.org/abs/1805.00100
[48] M. Shafie-Khah and P. Siano, “A stochastic home energy management
system considering satisfaction cost and response fatigue,” IEEE Transactions on Industrial Informatics, vol. 14, no. 2, pp. 629–638, 2018.
[49] C. Zhang, Y. Xu, Z. Y. Dong, and J. Ma, “Robust operation of microgrids
via two-stage coordinated energy storage and direct load control,” IEEE
Transactions on Power Systems, vol. 32, no. 4, pp. 2858–2868, 2016.

14

Ashwin Shirsat (Graduate Student Member, IEEE)
received the B.Tech. degree in electrical engineering from Veermata Jijabai Technological Institute,
Mumbai, India, in 2017. He received the M.S. degree
in electrical engineering from the Georgia Institute
of Technology, Atlanta, GA, USA, in 2018. He
is currently pursuing the Ph.D. degree in electrical engineering at North Carolina State University,
Raleigh, NC, USA.
His research interests include the applications of
optimization techniques, data analytics, and machine
learning for the operation and control of the smart power distribution grids.

Wenyuan Tang (Member, IEEE) received the
B.Eng. degree in electrical engineering from Tsinghua University, Beijing, China, in 2008, the M.S.
degree in electrical engineering, the M.A. degree in
applied mathematics, and the Ph.D. degree in electrical engineering from the University of Southern
California, Los Angeles, CA, USA, in 2010, 2014,
and 2015, respectively.
He was a Postdoctoral Scholar with the University
of California, Berkeley, and Stanford University. He
is currently an Assistant Professor with the Department of Electrical and Computer Engineering, North Carolina State University,
Raleigh, NC, USA. His research interests include power system economics,
electricity markets, power system operation and control, and data analytics
for power systems. He is an Editor of the IEEE Transactions on Sustainable
Energy, and an Editor of the IEEE Power Engineering Letters.

View publication stats

